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Active Flutter Suppression for Two-Dimensional Airfoils
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and
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Active flutter suppression for a two-dimensional typical airfoil in an incompressible flow is studied in this paper.
The root loci of the systems described by three aerodynamical models, each with a single feedback variable, are first
investigated to obtain a physical understanding of these systems. Practical systems that include actuator and gust
models are considered next, using linear-quadratic regulator theory. Reduced-order models are constructed using a
sequence of truncations based on the modal cost analysis, and modal truncation is examined for several weightings
of the cost function. The resulting increases in the performance index and the closed-loop poles are then calculated
for each truncation. The essential feedback modes and their associated gains for flutter suppression are determined
using this analysis. For a reasonable degree of control, these reduced-order models are sufficiently robust.
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Nomenclature
nondimensional distance from semichord to the
elastic axis.
semichord length
generalized Theodorsen function
nondimensional distance from semichord to the
trailing-edge flap hinge line
aerodynamic load vector
gust load vector
bending displacement
unit matrix

l

performance index
U/b9 a scaled velocity
torsional and bending gains, respectively
ba>/U, reduced frequency
transform matrix
weighting matrices
input torque vector
Laplace transform
sb/U, nondimensional Laplace transform
variable
freestream velocity
input vector
state of gust model
n -state vector of the modal coordinate
n -state vector of the controlled plant
nr -state vector of the reduced-order model
(n - nr) -state vector of the truncated model
nondimensional static moment of wing section
per unit length about elastic axis
nondimensional static moment of trailing-edge
flap about hinge
m -output vector
h/b, nondimensional bending displacement
augmented state vector for C(s)
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= augmented state vector for ij/(s)
= torsion angle of wing, nose upward is positive
= trailing-edge flap angle, tail downward is positive
= trailing-edge flap command input
= nondimensional moment of inertia of wing

section per unit length
= nondimensional moment of inertia of trailing-

edge flap
= Kiissner function
= nondimensional mass

»0 = natural frequencies of bending, torsion, and flap
modes, respectively

p = atmospheric density

Introduction

FUTURE energy-efficient transports and control-configured
vehicles may require active control technologies (ACT) to

realize the full benefits of proposed improvements to their
aerodynamics and energy systems. Active flutter suppression
(AFS) is one such ACT concept, and its aim is to increase the
critical flutter velocity by activating the control surfaces ac-
cording to the bending and torsion of the wing. The complete
dynamics describing such aeroelastic systems, however, are de-
scribed by partial differential equations for both structural and
aerodynamic modeling, and the state-space equations required
for the design of a controller may thus require a large number
of states to represent such dynamics accurately. As well, an
optimal control law based on the standard linear-quadratic
Gaussian (LQG) technique would be of the same high order as
the plant. Moreover, such a controller would be sensitive to
modeling errors and often would be too complex to implement
on a flight computer.

To bypass these disadvantages, Mahesh et al.,1 proposed an
LQG synthesis methodology that provides an improved rms
response and robust stability. The optimization of the control
surface and sensor location were also considered. A method of
synthesizing reduced-order optimal control laws was developed
by Mukhopadhyay et al.,2 who employed a nonlinear program-
ming algorithm and proposed a procedure for calculating the
feedback gains of some key states. On the other hand, Nissim3

developed a synthesis methodology using the concept of aero-
dynamic energy. This technique makes use of the energy
required to sustain the simple harmonic oscillations of a two-
dimensional typical section of a wing. Several questions con-
cerning the utility of the energy method are discussed in Ref. 4.
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In spite of the analysis and design that have been carried out
in this area, and which have been discussed briefly in the pre-
ceding paragraphs, a better insight into the mechanism of flut-
ter is still required to obtain a basic understanding of the order
reduction for such aeroelastic models and state feedback con-
trol laws. As a contribution to this objective, several AFS sys-
tems are discussed in this paper for a two-dimensional typical
section of a wing in an incompressible flow.

The behavior of the root loci that leads to aeroelastic insta-
bility is first investigated together with the stabilizing effects of
the bending and torsional displacement feedback on the sys-
tem. This study is related to the works of Refs. 4 and 5 using
the steady aerodynamic model. However, the characteristics of
three aerodynamic models, using steady, quasisteady, and un-
steady aerodynamics are illustrated as well. Finally, the modal
cost analysis (MCA) introduced by Skelton and Hughes6 is
used to reduce the order of the AFS systems whose design
includes both actuator and gust models. The sequence of trun-
cation, the resulting increases of the performance cost, and the
closed-loop poles are examined for each truncation. In the
process of reducing the order of the AFS systems, the stability
region and the response of the control surfaces are discussed
and the robustness of the reduced-order AFS system is also
investigated.

Description of the Controlled Plant
Consider a two-dimensional typical wing section lying in a

uniform freestream velocity U as shown in Fig. 1. The degrees
of freedom are the bending displacement /*, torsion angle a, and
flap angle /? of the trailing-edge control surface. The equations
of motion are

where q = [z a /?]r, the nondimensional bending displacement
z = h/b, and Ms, Ds, and Ks are, respectively, the generalized
mass, structural damping, and stiffness matrices. The structural
damping matrix Ds is neglected in the following analysis for the
purpose of simplicity.

The aerodynamic load vectors Fa and Fg in Eq. (1) for two-
dimensional incompressible flow are given in the Laplace trans-
form with argument s

Fa(s) = pb4[KC(ik)RQc(s) + Qnc(s)} (2)

Fg(s) = pb4KRj,(ik)wg (3)

where the initial conditions are assumed to be q = q = 0 at
t = 0. The circulatory load Qc(s) and noncirculatory load
Qnc(s) are described according to the work of Edwards et al.,7
as

Qnc(s) + KGncs + K2Knc]q(s)

(4)

(5)

where the matrices R, Ei9 E29 and so forth, are described in
Ref. 8.

The traditional derivation of the Theodorsen function C(ik)
has been assumed to be valid only for simple harmonic motions
of the airfoil. This limitation should be removed because sub-
critical responses of the airfoil are to be examined in the AFS
analysis. W. P. Jones concluded that C(ik) could be generalized
for diverging airfoil motions, but not for damped converging
motions. Still, on the basis of Sears' work on the derivations of
the indicial loading functions and using analytic continuation,
Edwards has shown that the function C(s), where s = sb/U,
could be evaluated for an arbitrary value of s. This function is
termed the generalized Theodorsen function.

Noting this generalization, the rational fraction approxima-
tion of C(s) derived by R. T. Jones and the Kiissner function

Fig. 1 Two-dimensional airfoil.

Im

QSA(No.i) 1-07 Fig. 2 Root loci for the open-
loop system (Ka = KZ= 0). Values
of K show velocity at which the
locus splits from imaginary axis,
i.e., the flutter velocity.

\l/(s) is used to obtain an expression suitable for the design of
the controllers.

0.5s2+ 0.28085+ 0.01365
s2 + 0.34555 +0.01365

0.56^ + 0.13
",s2+ 1.135 +0.13

(6)

(7)

With the aid of the augmented state variables za and zgeR2, the
dynamical models of C(s) in Eq. (6) and ij/(s) in Eq. (7) may be
written as

za=Aaza + BaQc (8)

*g = AA + *gWg W
where the matrices Aa and Ba are

-0.01365tf2 -0.3455/^J'

and the matrices Ag and Bg can be described in the same way.
•U -
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The dynamics of the actuator are assumed to be of second
order with the controlled angle fa and the input signal u

(10)

where f is the damping ratio, con the natural frequency of the
actuator, and wl denotes a zero-mean white noise disturbance
with intensity 4£co;J<72, where a2 is the variance of the control
surface angle error due to disturbance.

The gust model is assumed to be a first-order system with a
white noise input w2, i.e.,

Wg=-COgWg+W2 (11)

where the intensity of w2 is 1(t)ga2
g and o\ is the variance of the

gust velocity wg.
Considering the actuator torque around the flap hinge and

its reaction torque around the elastic axis, the input torque Tb
becomes

Substituting Eqs. (2-12) into Eq. (1), the state equation of the
AFS system can be represented by

(13)±p = Axp + Bu + Bnw

where

W2]T

(14a)

(14b)

Root Locus Analysis
The dynamical equations required for the root locus analysis

of the AFS system are, after letting Fg = 0 and Th =
[0

KC(s)R'[E2s

+ [M'ncs2 + KG'ncs (15)

where the dynamics of the control surface are neglected for
simplicity. This leads to the omission of the third equation of
Eq. (1) in the analysis, and the superscript ( )' denotes this
omission. The flap angle /? is assumed to be linearly related to
a or z:

0 _ V „ O _ V - /I fl\

where K^ and Kz are the torsion and bending gains, respec-
tively.

Previous works of this kind include that by Rheinfurth and
Swift5 who classified all the possible pole-zero constellations of
the system with a steady aerodynamic (SA) model. This work
was extended by Horikawa and Dowell4 for a typical airfoil
configuration, where the stability boundaries were expressed in
a closed form for different types of feedback signals. Both of
these studies were carried out using aeroelastic systems with an
SA model whose characteristic polynomial was a biquadratic
of 5, which allowed a simplified analysis and concise analytical
characterization.

To obtain a better understanding of the mechanism of aero-
elastic instability, three aerodynamic models will now be con-
sidered.

1) Unsteady aerodynamics (USA). In this case C(s), given
by Eq. (6), is used in Eq. (15). The characteristic polynomial
then becomes of eighth order.

2) Strict quasisteady aerodynamics (QSA no. I). In this
case all of the terms in Eq. (15) are considered, but C(s) is set
equal to unity.

Simple quasisteady aerodynamics (QSA no. 2). Here the
first term in the right-hand side of Eq. (15), with C(s) = 1, and
the term proportional to a in the moment equation, are re-
tained in Eq. (15). The polynomial is then of fourth order.

3) Steady aerodynamics (SA). In this situation only the K2

terms in the first term of the right-hand side of Eq. (15) are
retained. This means that the aerodynamic load is determined
by the instantaneous values of h and a. The characteristic poly-
nomial then becomes biquadratic as in Refs. 4 and 5.

From the material appearing in Refs. 4 and 7, the following
numerical model was selected for this study:

coh = ̂ 5,

xp = 0.0125,

coa =

0.25,

c = 0.5

*a = 0.2

y } = 0.00625 (17)

Root Loci
All of the calculated root loci shown in Figs. 2-4 are sym-

metric to the real axis. The loci for the QSA no. 2, which are
not shown here, can be found in Ref. 8. The root locus of the
open-loop system shown in Fig. 2 illustrates the changes that
occur between the three aerodynamic models. In particular, the
locus of the SA model is located on the imaginary axis when
the scaled velocity K is small. The corresponding locus of the
USA model, on the other hand, enters the left half of the s
plane due to the aerodynamic damping. The root loci of the
QSA and USA models are not symmetric to the imaginary axis
because the characteristic polynomials include the K term in
the QSA model and the K to K* terms in the USA model.

The SA and QSA no. 2 models have the same pole-zero
configuration. There are two pairs of conjugate poles, denoted
by 5t and s2, \Si\ > \s2\, and a pair of conjugate zeros on the
imaginary axis. The locus of the USA model has four addi-
tional poles introduced by the characteristic roots of Eq. (1),
i.e., s = -0.173 ± /0.043 (each multiple root) for K = 0. The
flutter in the SA model occurs at the coupling of two poles,
whereas that in the QSA model occurs when the pole sl moves
toward the right-half plane of s. However, in the USA model

1m

SA 1-03

K=10. 3
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Im

^Cl.OO

\ K=7.70

Fig. 3 Root loci for the torsion angle
feedback, Ka = 2.0.
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the pole s can be unstable when positive torsion angle feedback
is used, as in Fig. 3c.

Although the locations of the poles change little with varia-
tion of the gain Kz of the bending displacement feedback, that
of the zero can change significantly. When negative Kz is used,

Fig. 4 Root loci for the bending
displacement feedback, Kz - 2.0.

-1. -.5 0 -5 1-

a) Torsion angle feedback (f

-.5 0 -5

b) Bending displacement feedback (f = Kzz)

Fig. 5 Stability boundaries.

the zero in the SA model is located between the two poles, sl
and s2. This means that divergence may occur and no flutter is
possible. The converse is true for positive bending feedback if
the frequency of the zero is greater than those of the two poles,
as shown in Fig. 4a.

Stability Regions
Stability regions are shown in Fig. 5 for the three aero-

dynamic models. The vertical axis is the scaled velocity K, while
the abscissa is the feedback gain Ka or Kz. The areas below the
flutter boundary lines (F.B.) in this figure represent regions of
stability, whereas those above the divergence boundary lines
(D.B.) represent regions of instability. The flutter boundary
calculated by the U-g method is also illustrated in this figure.
As far as divergence is concerned, the QSA no. 1 model pre-
dicts the same boundary as the USA model (Fig. 5a). It
appears appropriate, therefore, to set C(s) to unity in the diver-
gence analysis. The QSA no. 2 model for a feedback, on the
other hand, does not predict the divergence boundary correctly
due to its contracted form.

The flutter boundary of the USA model shows good agree-
ment with that of the U-g method, and the model yields the
largest stable region, as shown in Fig. 5a and 5b. It should be
noted that the SA model, unlike its contracted form, provides
conservative estimates of the flutter boundary with reasonable
accuracy. The stability region of the QSA no. 1 model is larger
than that of the QSA no. 2 model. This shows that to improve
the flutter estimate it is useful to add the effect of the virtual
mass to the aerodynamic load.

Flutter onset can be delayed significantly by using negative a
feedback (Fig. 5a). As far as z feedback is concerned (Fig. 5b),
the positive gain increases the divergence velocity, whereas the
divergence, and not the flutter, becomes critical when the nega-
tive gains are used. The flutter boundary intersects the diver-
gence boundary at the gain — 0.2 < Kz < -0.1, which is due to
the movement of the zeros. The robustness of the controller
requires that care be exercised when gains of approximately
these values are used in the design. From the above discussion,
it is seen that as far as single feedback is concerned, a feedback
is more suitable than z feedback because the region of stability
is larger and the controller is less sensitive to the parameter
variations. This agrees with the result given in Ref. 4.

Order Reduction of the AFS Systems
The modal cost analysis (MCA) technique, developed by

Skelton and Hughes,6 will be used in this section to eliminate
the less significant modes of the optimal closed-loop system
derived from the LQ problem. The dynamic equation of the
AFS system considered here includes the actuator and the gust
models and is given by Eqs. (13) and (14). The outputs of the
system are assumed to be the bending displacement z and its
acceleration z:

y = [z z]T=Cxp (18)

The performance cost for the system is of a quadratic form

r = lim E \-

where R is positive definite and Q is positive semidefinite. The
control law that minimizes the performance cost J is given by

(20)

where G is the optimal feedback gain matrix.

Outline of the Modal Cost Analysis (MCA)
Suppose that the closed-loop matrix A + BG has n distinct

eigenvalues. Then, using a coordinate transformation xp =
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MX, A + BG can be transformed to be in the diagonal form

M-l(A+BG)M = A = di2igm, i = 1,2,...,« (21)

Let the vectors cf and gt be defined

where £, is the ith column vector of Af, i.e., M = Ki,f 2>— »{J-
Skelton and Hughes6 show that when the optimal control

law, Eq. (20), is used, the performance cost can be decomposed
' ' 'as

and the ijth element of H is given by

(22)

where Ht and Pt represent the i-th column vectors of H and P,
respectively, and H* is the complex conjugate transpose of the
matrix H. P is defined as

(23)

(24)

The equation holds if ^[Af +Ay] <0 for all i, jr ( = !,...,«).
Equation (22) shows that the total performance cost J is de-
composed to the sum of each modal cost Jt ?= #*/V Based on
such decomposition, the MCA offers a ineans for synthesizing
a reduced-order controller. That is, those modes that have the

Table 1 Weighting matrices of the performance index

ga

Case

1
2
3
4

>
0
1
0
1

fe

0
0

l.E-6
l.E-6

R

I
I
I
1

largest influence in the cost are chosen to control, and those
modes that have the least influence in the cost are truncated.
Thus, a reduced controller that is closest in performance to the
optimal one can be synthesized.

Among the elements of the modal coordinates x, let the
states that a^e chosen to control be denoted as xreRn>f, and let
the states that are to be truncated be xteRn~nr. This means
that the states x can be decomposed as

x = Urxr + Utxt

where U. = [Ur Ut] denotes a matrix that rearranges the ele-
ments of the modal states x according to the significance deter-
mined by the MCA. Then, the reduced-order control law is
given as

= GMUfxr (25)

Substituting the control law into Eq. (13), the closed-loop sys-
tem is given as

prT [V UjM-
U | _ 0 UTM- (26)

where Ar is the diagonal matrix and is equal to Uj M~l(A +
BG)MUr> Reference 6 offers a method in which a Kalman filter
is used to estimate the reduced states xr. It is assumed in this
paper, however, that the states xr are measurable in order to
discuss the basic application of the MCA to the AFS.

The numerical model considered in this MCA is the same as
the one given in Ref. 7:

^ = 40,

coa = 100,

C0g = 207T/3,

c = 0.6.

coh = 50,

(On = 127T

(O = 300

(27)

The other parameters are as given in Eq. (17).
Mode Truncation

The order reduction of the AFS system is examined for se-
lecting the weighting matrices Q and R shown in Table 1. Four
cases are considered in this study. Case 1 of Table 1 is the
minimum energy solution. This selection implies that the un-
stable poles are shifted from their unstable position in the

Table 2 Closed-loop poles and truncation sequence (case 3)

Truncation
sequence

6

3

3

7

8
2
5
4
1

Mode

Bending

Torsion

Flap

Actuator

aerod. 1
aerod. 2
gust. 1
gust. 2
gust. 3

Open loop

6.865
+ /70.73

-31.42
± i73.03

-13.92
±i 340:3

-26.39
±/26.92

-80.10
-13.77
-325.0
-42.25
-20.94

13 (OPT) 12

-17.60 *a

+ /31.89
-75.28 *

± 1 89.25
-108.0 *

± i362.8
-.33.70 *

±'i27.63
-85.63 *

_ b _

= . =

=

= =

Closed loop

11 9 8 7 5

*' • ' * * * -16.32
+ /46.10

* * * * *

* -10.95 -9.625 -15.58 -13.58
±z383.1 +/334.1 ± i340.8 ±/340.5

* * * * *

* * * * *
== = ==

= = = == =
= = = = =
= = = = =

3

-8.282
±i89.25

*

-13.96
±/340.3

-28.47
+ /26.06

*
=
=
=
=

2

-2.019
±/68.33

*

. =

-26.64
±*26.65

-78.96
=
=
=
=

a * pole is satne as optimal closed loop.
b — pole is same as open loop.
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s -plane to their mirrored position taken with regard to the
imaginary axis, but the position of the stable poles remain
unchanged. Case 2 is concerned only with the weighting due to
the bending displacement, case 3 with the weighting due to the
acceleration, and case 4 with the weighting due to both. An
optimal regulator was synthesized for each of these cases. The
design point was assumed to be at U/bcoa = 3.25 where the
bending mode is unstable and the velocity about 10% higher
than at the critical flutter point.

The control gains in the MCA were selected by a sequence of
truncations from the optimal gains. This choice was made by
comparing the contribution pf each mode to the total perfor-
mance cost. To illustrate how mode truncation was done, an
example is shown in Table 2. This is case 3 in Table 1. The
aerodynamics 1 and 2 and gusts 1 and 2 denote the modes of
za in Eq. (8) and zg in Eq. (9), respectively, and gust 3 denotes
the mode of wg in Eq. (11). Since mode truncation is executed
for the closed-loop system, the mode names used in the follow-
ing correspond to those for the closed-loop system. In Table 2,
the gust mode 3 is first truncated to yield a 12th-order system
followed, in order, by the truncation of the aerodynamic mode
2 and the flap mode. Although the sequence of mode trunca-
tion differed in each case, the gust and flap modes were trun-
cated at an early stage because of the less contribution to the
performance cost/.

Since the gust modes 1, 2, and 3 are not controllable, the
poles remain unchanged by truncation. It is also to be noted
that the truncated modes approached those for the open loop
in a stepwise fashion. This is because the mode truncation was
done according to the modal cost for the closed-loop modal
states. Even though the bending mode that is stabilized in the
closed loop may be truncated, the reduced-order AFS system
remains stable, and truncation can be continued until the third

Table 3 Performance index for reduced-order systems

Order

Case

13
12
11
10
9
8
7
6
5
4
3
2

21.9035
21.9035
—

21.9035
21.9035
21.9035
21.9035
21.9034
—

21.9034
—

21.9034

174.628
174.628
— •

174.623
174.624
174.636
174.630
— -

181.453
—

213.188
—

1471.60
1471.60
1471.49

• — •
1471.54
1523.32
1508.90
— .

1611.18
—

2067.87
2977.92

1748.04
1748.04
1744.76

• —
1746.42
1714.20
1672.32
—

1955.36
—

2158.28
2859.05

order is achieved in case 2 and the second order in the other
cases. The magnitude of the modal cost is more strongly influ-
enced by the selection of the weighting matrices Q and R than
by the eigenvalues of each mode. Consequently, it does not
always happen that the modal cost of the closed-loop bending
mode makes the largest contribution to the performance cost /.
Because the transformation matrix M in Eq. (21) is calculated
according to the different reduced-order feedback law at each
step, the system matrix in the right side of Eq. (26) is also
different for each mode truncation, and some of the truncated
modes may become less stable than the corresponding open-
loop modes. The flap mode of nr = 8 and 9 in Table 2 shows
just the case, although it has still enough stability.

Table 3 shows the increase of the performance index for each
mode truncation. The reduced-order system of case 1 is ob-
tained without a deterioration pf the index. In cases 2-4, on the
other hand, the performance index increases rapidly as the
mode truncation proceeds to the third order.

Robustness Consideration
Figure 6 shows the Nyquist plots of the optimal and the

minimum reduced-order systems for each case. The difference
between the full- and reduced-order systems in case 1 is not
distinguishable. Although the contours of the Nyquist plot of
the reduced-order systems in cases 3 and 4 are smaller than
those of the full-order optimal system, the stability margins of
the reduced-order systems may be acceptable.

Table 4 shows the stability margins and the rms responses of
the flap angle and its velocity. The gain margins and control
activities of the minimum reduced-order models deteriorate
compared with those of the optimal systems except for case 1.
An example of this situation is given in Table 5, which shows
the stability margin and rms activities for case 3 for each mode
truncation. The deterioration of the gain margin coincides with

-3

-3

Fig. 6 Nyquist plots. (Upper figures show plots for full-order feedback
and lower ones show plots for minimum reduced-order feedback. The
radius of dashed circles is unity.)

Table 4 Comparison of stability margins and rms control activities between the
full- and reduced-order systems

Full-order feedback Reduced-order feedback

Case

1

2

3

4

Gain M,
dB

-5.905
00

-13.44
00

-24.91
00

-25.33
00

Phase M,
deg

-60.0
+ 60.0
-90.0
+ 64.5
-66.6
+ 71.0
-72.0
+ 70.0

/faa
1.748

429.7
1.658

429.7
1.669

129.1
1.511

129.0

GainAf,
dB

-5.923
00

-4.947
00

-5.862
00

-7.633
oo

Phase M,
deg

-60.0
+ 59.4
-48.9
+ 57.0

-172.2
+ 84.0

-176.5
+ 82.6

fc;;S
1.748

429.7
1.901

424.8
1.472

415.2
1,442

415.6
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Table 5 Stability margin for each mode truncation (case 3)

Order

13

12

11

9

8

7

5

3

2

Gain M,
dB

-24.91
00

-24.93
00

- 24.93
00

- 25.45
00

- 23.02
4- 13.59
- 23.44

00

-21.93
00

- 15.27
00

-5.862
00

Phase M,
deg

-66.6
+ 71.0
-67.7
+ 70.9
-67.5
+ 70.6
-65.5
+ 12.0
-51.2
+ 76.2
-54.6
+ 81.0
-95.7
+ 80.5

-158.0
+ 81.0

- 172.2
+ 84.0

/rms> ^g
/Ls,deg/s

1.669
129.1

1.636
129.0

1.684
129.0

1.910
408.9

2.223
489.2

1.934
382.6

1.598
419.1

1.444
407.5

1.472
415.2

the change in the performance index in Table 3, and increases
suddenly for the third order. The control activities, on the
other hand, tend to deteriorate near the ninth order. Examina-
tion of the other cases shows that the degradation of the per-
formance index leads to the deterioration of the stability
margins and the control activities. As a result, the desirable
reduced-order systems are of fifth order in case 2 and of third
order in cases 3 and 4. In case 1, however, even the second
order system is acceptable.

Conclusions
Studies were carried out to obtain a better understanding of

two-dimensional active flutter suppression systems. The effects
of feedback on the stability and on the characteristics of the
airfoil were examined using the root loci technique. It was
shown that torsion angle feedback yields a larger stabilized
region than bending displacement feedback, and that the airfoil
characteristics become less sensitive to parameter variations.

A study of modal truncation was also made using the modal
cost analysis procedure. It was found that the optimal system
can be truncated as low as third order in the example consid-
ered without any significant degradation of the performance.
This suggests the application of this method to the control of
unsteady three-dimensional wings modeled by the matrix Fade
approximation. The design of state estimators based on the
reduced-order systems derived here are of practical impor-
tance, and will be studied in the future.
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